Let k be a finite extension of Q p , let G be an absolutely simple split reductive group over k, and let K be a maximal unramified extension of k. To each point in the Bruhat-Tits building of G K , Moy and Prasad have attached a filtration of G(K) by bounded subgroups. In this paper we give necessary and sufficient conditions for the dual of the first Moy-Prasad filtration quotient to contain stable vectors for the action of the reductive quotient.
Introduction
Let k be a finite extension of Q p , and let G be an absolutely simple split reductive group over k. In [Yu01] , Yu gave a construction of supercuspidal representations of G(k) with complex coefficients, generalizing earlier work of Adler ([Adl98] ). For large primes p, Yu's construction yields all possible supercuspidal representations ( [Kim07] ). However, the construction does not capture all supercuspidal representations when p is small. In [RY14] , Reeder and Yu gave a new construction of supercuspidal representations of lowest positive depth, which they call epipelagic representations. Their construction is uniform for all p, but requires as input stable vectors in a certain representation coming from a Moy-Prasad filtration, which we will describe below. For p large enough, necessary and sufficient conditions for the existence of stable vectors were given in [RY14] . For small p, the existence of stable vectors, hence also of epipelagic representations, was previously unknown, except in the simple case of a torus action ([GR10, Section 9], [RY14, Section 2.6]).
In this paper, we show that the criterion of [RY14] for the existence of stable vectors is valid for all primes p, uniformly. Thus [RY14] can be used to construct supercuspidal representations uniformly for all p:
Corollary 4.3. Let G be an absolutely simple split reductive group over the local field k. Then for each m satisfying the conditions of Theorem 4.2, there exists a finite unramified extension k ′ of k such that one can implement the construction of [RY14] to form supercuspidal epipelagic representations of G(k ′ ).
For small p, we obtain previously unknown representations (see Remark 4.4).
Let K be a maximal unramified extension of k with ring of integers O and residue field F p . In order to describe the input for the construction of [RY14] , we choose a rational point x in the Bruhat-Tits building B(G, K) of G := G K . Moy and Prasad defined in [MP94, MP96] a filtration of G(K) by subgroups:
where r 1 , r 2 , ... are rational numbers depending on x. The quotient G(K) x,0 /G(K) x,r 1 can be identified with the F p -points of a reductive group G x . The quotient V x := G(K) x,r 1 /G(K) x,r 2 forms an F p -vector space on which G x has an action induced by conjugation. A vector in the dual spaceV x is said to be stable under the action of G x if its orbit is Zariski closed and its stabilizer in G x is finite. The existence of such a stable vector over k is the only requirement for Reeder-Yu's construction of epipelagic representations.
Our main result, which is independent of p, is the classification of all such x for which the representation of G x onV x contains stable vectors. To state the theorem, we fix an apartment A in B(G, K) and a hyperspecial point x 0 ∈A . We useρ to denote the half-sum of a set of positive coroots. , where m is the order of an elliptic, Z-regular element in the Weyl group W of G.
For the definitions of elliptic and Z-regular see Section 4. We also obtain a similar result about the classification for semistable vectors (Proposition 4.5).
These results follow from a more general analysis of the relations between (semi)stable vectors in the special and geometric generic fibers of representations over O. More explicitly, let G be a split reductive group over O acting on a free O-module V , and let Q p be an algebraic closure of K. We show that the representation of G Q p on V Q p contains stable vectors if and only if the representation of G Fp on V Fp contains stable vectors (Corollary 2.4). The same statement is true with "stable" replaced by "semistable." Thus we can transfer results about the existence of (semi)stable vectors in characteristic zero to arbitrary positive characteristics. This is a key step in the proof of Theorem 4.2.
Structure of the paper. In Section 2 we first recall basic definitions and properties related to stability. We then show that the special fiber of a representation of a split reductive group over O has (semi)stable vectors if and only if the geometric generic fiber of this representations admits (semi)stable vectors. In Section 3, we review Moy-Prasad filtrations and define a split reductive group over O acting on a free O-module such that the special fiber of this action corresponds to the action of G x on V x . The generic fiber is isomorphic to a representation coming from Vinberg theory of graded Lie algebras, which we review in Section 4. We finish the proof of Theorem 4.2 using results from [RLYG12] on Vinberg theory in characteristic zero. In the final section, Section 5, we give an example, classifying all stable vectors inV x for the case of G = G 2 and x = x 0 + 1 2ρ
. We then determine the Langlands parameter corresponding to the unique representation of G 2 (Q 2 ) obtained using this choice of x in the construction of [RY14] .
Conventions and notation. Throughout the paper, we use the following conventions. If A is a ring, H a group scheme over Spec A, and R an A-algebra, we write H(R) for the Spec R-points of H and H R for H × Spec A Spec R. For a free A-module V , we write V R to denote the free R-module V ⊗ A R. If M is an A-module and there is no danger of confusion, we may also denote by M the scheme corresponding to the functor of points R → M ⊗ A R for any A-algebra R.
Throughout the paper, we consider reductive groups to be connected.
We maintain the following notation. Let k be a finite field extension of Q p , and let K be a maximal unramified extension of k. We fix a discrete valuation v on K with image Z ∪ {∞}. Let O denote the ring of integers of K, and let ̟ be a uniformizer of O. We fix an isomorphism between the residue field O/̟O and F p . We fix an algebraic closure Q p of K with ring of integers O.
Lifting and descent of stable vectors
Before describing our results about the lifting and descent of (semi)stable vectors, we will recall basic definitions and properties about stability, and introduce some notation.
If G is a reductive group over an algebraically closed field F , and V is a finite-dimensional algebraic representation of G, a vector v ∈ V is called semistable if its orbit under G(F ) does not contain zero in its closure under the Zariski topology on V , or, equivalently, if there exists a non-constant G(F )-invariant homogeneous polynomial f on V such that f (v) = 0. A vector v ∈ V is called stable if its orbit is closed and its stabilizer in G is finite. In particlar, a stable vector is automatically semistable.
In this paper we are interested in (semi)stable vectors in the following setting. Let G be a split reductive group scheme over O with split maximal torus T . Let V be a free finitedimensional O-module, and let G → GL(V ) be a representation of G , where, by abuse of notation, GL(V ) denotes the O-group scheme whose functor of points is given by A → GL(V A ). By base change, we obtain representations
We will investigate the relationship between the geometric invariant theory of these two representations. To do this, we will make frequent use of the fact that since G is smooth,
Our other main tool is the Hilbert-Mumford Criterion ([Mum77, 1.1], which is based on [Mum65, Theorem 2.1]). Recall that for any O-algebra A and one-parameter subgroup λ : G m → G A , we obtain a weight decomposition
Given a vector v ∈ V A , we let I A (λ, v) denote the set of negative weights for v: if we write v as a sum v =
If A is an algebraically closed field, e.g. Q p or F p , the HilbertMumford Criterion says that a vector v ∈ V A is stable under G A if and only if for every nontrivial one-parameter subgroup λ : 
Note that since 0 ∈ V Q p is not stable, we have P (0) = 0. Choosing a basis for V (and thus for V Q p ), we may identify P with an element of Q p [x 1 , ..., x n ]. We can assume without loss of generality that the minimum of the valuations of the coefficients of P is zero. Let P be the image of P under the reduction map O[x 1 , . . . , x n ] → F p [x 1 , . . . , x n ]. Then P = 0 by choice of the coefficients, and P is not constant, because P (0) = 0. Thus there exists v ∈ V Fp such that P (v) = 0. We claim that v is a stable vector under the action of G Fp . Assume it is not. Then there exists a nontrivial one-parameter subgroup λ :
Using the identification of the cocharacters of T Fp and the cocharacters of T O , we obtain a lift λ 1 : G m → T Q p ֒→ G Q p ofλ 1 . We also lift v to an element v ∈ V and lift g to an element g ∈ G (O). Since P (v) = 0, v is stable, and so w := gv is also stable. Using the decomposition V = i∈Z V i coming from λ 1 , we write w = w + +w − , where w + ∈ ⊕ m∈Z ≥0 V m and w − ∈ ⊕ m∈Z <0 V m . Since I F p (λ 1 , w) = I F p (λ 1 ,ḡv) = ∅, we have w − = 0, and so w + is also a lift of w in V . Note that I Q p (λ 1 , w + ) = ∅, so w + is not stable
′ is a lift ofv. However, v ′ is in the orbit of w + , so v ′ is not stable, and so P (v ′ ) = 0. But this implies P (v) = P (v ′ ) = 0, contradicting our choice of v. Proof. Since v ∈ V O is not stable as an element of V Q p , there exists a nontrivial oneparameter subgroup λ :
Choose g ∈ G (Q p ) such that gλg −1 has image in T . Using the Iwasawa decomposition, we write g = qp where q ∈ G (O) and p ∈ P λ (Q p ), and we set λ 1 = pλp −1 . Note that
because by the definition of P λ , the weights of p −1 v with respect to λ can only be larger than the weights of v with respect to λ. Set µ := gλg
Hence qv is not stable. Since qv = q · v is in the orbit of v, we see that v is not stable. Proof. First suppose that V Q p contains semistable vectors under G Q p . As mentioned at the beginning of this section, this means that there exists a non-constant (hence nonzero) G Q p -invariant homogeneous polynomial on V Q p . As in the proof of Lemma 2.1, the choice of a basis of V yields an identification of f with an element of Q p [x 1 , ..., x n ], and we may assume without loss of generality that the minimal valuation of the coefficients of f is zero. Thus we can project f to a non-constant homogeneous G (F p )-invariant element f ∈ SymV Fp , and there exists v ∈ V Fp such that f (v) = 0, i.e. v is semistable.
The converse follows from [MP94, Proposition 4.3] as mentioned in Remark 2.3.
Representations coming from Moy-Prasad filtrations 3.1 Moy-Prasad filtrations
Now we let G be an absolutely simple algebraic group which is defined and split over K. Let x be a point in the Bruhat-Tits building B(G, K) of G over K. Then x is contained in some apartment A corresponding to a maximal K-split torus T of G. Let X = Hom K (T, G m ), Φ,X,Φ be the root datum of G, and let ∆ = {α 1 , α 2 , ..., α ℓ } denote the set of simple roots of T corresponding to some Borel subgroup containing T . For each α ∈ Φ, let U α be the unipotent subgroup of G normalized by T and corresponding to α. We fix a Chevalley system {u α : G a → U α } α∈Φ , which defines a Chevalley basis {e α , h i | α ∈ Φ, 1 ≤ i ≤ ℓ} of g = Lie(G) by e α := Lie(u α )(1) and h i = [e α i , e −α i ]. This choice yields a hyperspecial point x 0 ∈ A , i.e. the unique point in A fixed by u α (−1)u −α (1)u α (−1) for all α ∈ Φ. Taking this point as the origin, we can identify the (R ⊗X)-torsor A with R ⊗X. Elements of X are then regarded as affine functions on A vanishing at x 0 . The affine roots are precisely the affine functions ψ : A → R of the form ψ = α + n, where α ∈ Φ and n ∈ Z. We denote the set of affine roots by Ψ, and for ψ ∈ Ψ denote byψ the gradient of ψ. We call x rational if for every ψ ∈ Ψ, we have ψ(x) ∈ Q. For rational x, the order of x is the smallest positive integer m such that ψ(x) ∈ 1 m Z for all ψ ∈ Ψ.
Given ψ ∈ Ψ, we define the compact subgroup U ψ of the root group Uψ ⊂ G(K) by
We let T (K) 0 denote the maximal bounded subgroup of T (K). Note that
For r > 0, we define the subgroups T (K) r of T (K) 0 by
Then, for r ≥ 0, the Moy-Prasad filtration subgroups of G are given by
We also set
forms the F p -points of a reductive group G x over F p . If we let r(x) be the smallest positive value in the set {ψ(x) | ψ ∈ Ψ}, then the quotient
+ is an F p -vector space that admits a rational action of G x induced by conjugation in G(K). Similarly, one can define a filtration g x,r (r ∈ R) of the Lie algebra g such that
Note that a slight variation of the proof of [RY14, Lemma 3.1] shows that ifV x contains semistable vectors, then x is a barycenter of a facet ( [RY14] shows that if
contains semistable vectors, then x is a barycenter, but their proof still holds after substituting "r(x)" for "
A reductive group associated to x
In order to study the action of G x on V x using the results of Section 2, we define an auxiliary reductive group as follows. Let Φ x be the sub-root system {α ∈ Φ | α(x) ∈ Z} of Φ, and define H x to be the reductive subgroup of G whose K-points are given by
Define Q x to be the parahoric subgroup of H x (K) generated by T (K) 0 and {U ψ | ψ ∈ Ψ, ψ(x) = 0}. Let H x be the associated parahoric O-group scheme defined by [MP96] , whose generic fiber H x × O K is H x and with H x (O) = Q x . By construction, Q x is hyperspecial in H x (K), so H x is a split reductive group over O [Tit79, 3.4.2]. By comparing root data, we see that the special fiber H x × O F p of H x is isomorphic to G x . More precisely, we have an isomorphism ι, which on F p -points is induced by the inclusion
Next we construct an O-module with an action of H x such that the action on the special fiber corresponds to the action of G x on V x . Given 0 < r < 1, we define the O-submodule L x,r of g to be the free O-submodule with basis
Then L x,r is a direct summand of the Moy-Prasad filtration lattice g x,r , and the inclusion of L x,r into g x,r induces an isomorphism
of F p -modules. Proof. Let us consider a basis element e γ , where γ ∈ Ψ and γ(x) = r. Note that an element of T (K) 0 acts on e γ as multiplication by an element of O, so T (K) 0 preserves L x,r . Let ψ ∈ Ψ with ψ(x) = 0. Since there exist integers Mψ ,γ,i such that for any t ∈ K we have
, it is an easy calculation to check that U ψ · e γ ⊂ L x,r .
As a corollary the adjoint action of G on g restricts to an action of Moreover, by construction, if r(x) = 1, then the action of H x ×F p on L x,r(x) ⊗F p corresponds via the isomorphisms in (1) and (2) to the action of G x on V x described in Section 3.1. If r(x) = 1, then x is hyperspecial in A and the G x -representation V x is isomorphic to the adjoint representation of G x on Lie(G x ), with Lie(G x ) ≃ Lie(H x ) Fp . Thus we define
Using Corollary 2.4 and Lemma 2.5 we conclude the following:
Lemma 3.2. Let H x and V x be as defined above. The action of ( 
Vinberg gradings and stability
In this section we use results in Vinberg theory to classify all points x of B(G, K) such thať V x has stable vectors. First we show that the representations of (H x ) Q p on (V x ) Q p are those coming from Vinberg theory of graded Lie algebras. We keep the notation from the previous section. Let G ad be the adjoint group of G. We have an isogeny ϕ : G → G ad , and we denote the maximal torus ϕ(T ) by T ad . The isogeny ϕ induces an inclusion of cocharacterš X ֒→X ad that yields an isomorphismX ⊗ R ∼ −→X ad ⊗ R. Using this isomorphism to identify X ⊗R andX ad ⊗R, we can write x as x 0 − 1 mλ for someλ ∈X ad , where x 0 is the hyperspecial point associated to our Chevalley system and m is the order of x, both as defined in Section 3.1. Then x induces a homomorphism
and the choice of a primitive mth root of unity ζ in Q p yields an automorphism θ = Inn(λ(ζ)) of G Q p . The corresponding automorphism dθ := Lie(θ) of g Q p yields a grading
On the previously fixed Chevalley basis {e α , h i } α∈Φ,1≤i≤ℓ , we can write the action of dθ explicitly:
and thus we have an isomorphism
of (H x ) Q p -modules, where the action of (G
The benefit of relating our set-up to that of graded Lie algebras in characteristic zero is that those (g Q p ) 1 which contain stable vectors have been classified in [RLYG12, Corollary 14]. Recall that an element w in the Weyl group W of G is called elliptic if w fixes no nonzero vector inX, and w is Z-regular if the group generated by w acts freely on Φ. 
Stable vectors
With all the pieces in place, we now come to the main purpose of our paper: the classification of points x such thatV x contains stable vectors for the action of G x . Proof. This follows directly from Remark 3.3 and Proposition 4.1.
We would like to remark that Reeder and Yu have already given a proof of Theorem 4.2 for the case in which the characteristic p of the residue field is sufficiently large (see [RY14, Corollary 5 .1]). Because it uses Vinberg theory in characteristic p, their proof does not hold for some small primes, in particular, primes that divide m.
Theorem 4.2 allows us to use the construction of [RY14] to form supercuspidal representations in a uniform way for all p. We now briefly review the construction. For details, see [RY14, Section 2.5]. Let G be an absolutely simple split reductive group over the local field k, and let = F q be the residue field of k. We set G = G K , and let x∈B(G, K) be a rational point that is fixed under the action of the Galois group Gal(K/k). By identifying the Bruhat-Tits building B(G, k) of G over k with the Gal(K/k)-fixed points of B(G, K), we may view x as a point of B(G, k). Then G(K) x,r is Gal(K/k)-stable for all r; we denote its Gal(K/k)-fixed points (G(K) x,r )
Gal(K/k) by G(k) x,r . Moreover, the action of G x on V x is defined over f with
We call a vector λ ∈V x (f) stable if it is stable as a vector inV x under the action of G x .
Given a stable vector λ ∈V x (f) and a nontrivial character χ : f + → C × , we consider the composition χ • λ :V x (f) → C × as a character of G(k) x,r(x) that is trivial on G(k) x,r(x)+ . Then the compactly induced representation Proof. Let G = G K as above, let A be an apartment of B(G, K) corresponding to a k-split maximal torus of G, i.e. A ⊂ B(G, K) Gal(K/k) , and let x = x 0 + 1 mρ for some m satisfying the conditions of Theorem 4.2. By Theorem 4.2, the representation of G x onV x contains a stable vector, call it λ. Since G x andV x are defined over f = F q , we have that λ ∈V x (f ′ ) for some finite extension f ′ of f. Let k ′ be any finite extension of k whose residue field is a finite extension of f ′ . Then we can input λ into the construction described above to form π x (λ), which decomposes into a direct sum of supercuspidal epipelagic representations of G(k ′ ).
Remark 4.4. Corollary 4.3 provides previously unknown representations for some small primes p depending on the type of G. In particular, the construction of [Yu01] requires a tameness assumption which fails for small p.
Semistable vectors
In [RY14, Theorem 8.3] Reeder and Yu use results in Vinberg theory to classify those x for whichV x has semistable vectors in terms of conditions that are independent of the residue field characteristic p. Yet their proof only holds for p sufficiently large: specifically, they assume p is larger than the Coxeter number of G. Let us call x a semistability point if the prime-independent conditions in [RY14, Theorem 8.3] are satisfied. The proof of the theorem can be applied to the setting of graded Lie algebras in characteristic zero to show Proof. The Proposition follows from Remark 3.3 using the isomorphism (4) discussed above.
5 Classifying stable vectors: an example for G 2 Theorem 4.2 gives necessary and sufficient conditions for the stable locus of G x inV x to be nonempty. However, determining the stable locus itself is currently an ad hoc process that depends on an explicit realization of the representation of G x onV x in each case. Below we find the stable locus in the case when G = G 2 and x = x 0 + 1 2ρ
. Up to conjugation, this choice of x determines a unique representation of G 2 (Q 2 ), for which we describe the Langlands parameter associated by the local Langlands correspondence. This Langlands parameter has characteristics which distinguish it from those corresponding to epipelagic representations of G(k) when p is large.
We start with a variation of the Hilbert-Mumford Criterion. Let H be a reductive group over an algebraically closed field E, and let V be a rational representation of H over E. Fix a maximal torus in H, and letX denote its cocharacter group. Let V s be the set of stable vectors in V . Recall that I E (λ, v) is the set of negative weights for v with respect to λ (see Section 2 for details).
Lemma 5.1. Suppose Y ⊂ V is a H-invariant subset with the property that I E (µ, y) = ∅ for all nontrivial µ ∈X, y ∈ Y . Then Y ⊂ V s .
Proof. Suppose y ∈ Y , and let λ : G m → H be a nontrivial one-parameter subgroup. Then there exists g ∈ H(E) such that µ := gλg −1 ∈X. By H-invariance of Y , gy ∈ Y , so I E (λ, y) = I E (µ, gy) = ∅, and y ∈ V s by the usual Hilbert-Mumford Criterion.
Remark 5.2. We will apply Lemma 5.1 in the following setting: Let f be a H-invariant polynomial on V with the property that f (v) = 0 whenever there exists µ ∈X such that I E (µ, v) = ∅. This means that f vanishes on vectors which are not stable for the action of the fixed maximal torus. By the lemma, if y ∈ V and f (y) = 0, then y is a stable vector for the action of H. Thus the problem of finding stable vectors is reduced to finding such a polynomial f .
For the rest of the section, we take the group G to be the split form of G 2 defined over K. Applying Theorem 4.2 to this case, we see thatV x has stable vectors under the action of G x if and only if x is conjugate under the affine Weyl group to x 0 + 1 2ρ
, or x 0 + 1 6ρ
. When
, we have that G x is a torus, and the stable vectors inV x are easily classified [RY14, Section 2.6]). For x = x 0 + 1 3ρ
, the stable vectors inV x are given in [RY14, Section 7.5] in the case p = 3, and it is not hard to see that this classification extends to the case when p = 3. In this section, we will characterize all stable vectors when
. We have that G x ≃ SO 4 ≃ (SL 2 × SL 2 )/µ 2 , where µ 2 is the diagonally embedded group of second roots of unity over F p . For any commutative ring A, let P n (A) be the space of homogeneous degree-n polynomials over A in two variables, with natural action of SL 2 (A) by precomposition by the transpose, e.g.
, with natural action of SL 2 (A) × SL 2 (A), which induces an action of ((SL 2 × SL 2 )/µ 2 )(A). By explicitly calculating the action of generators of H x (O) on basis vectors e γ , one can check that as an H x -module,Ľ x, 1 2 is isomorphic to (P 1 ⊠ P 3 )(O), and as a G x -module,V x ≃ (P 1 ⊠ P 3 )(F p ).
An invariant of P 1 ⊠P 3
To use the strategy outlined in Remark 5.2, we will construct a homogeneous polynomial oň V x invariant under the action of G x . Using the isomorphism of O-modulesĽ x, 1 2 ≃ (P 1 ⊠ P 3 )(O) mentioned above, we see that it suffices to construct a polynomial on (
. Working over integers initially will allow us to find a polynomial which works uniformly for all p.
First we consider an arbitrary element
of (P 1 ⊠P 3 )(O) with a, b, c, d, e, f, g, h ∈ O as a homogeneous degree-three polynomial in the variables X, Y with coefficients in P 1 (O). Then the cubic discriminant disc X,Y may be
Proof. Similar to above, we write an arbitrary vector First we show that if ∆(F ) = 0, then F is stable. Assume that I F p (λ, F ) = ∅. First suppose r + s = 0 and 3r − s > 0. Then the weights corresponding to a, b, c, d, e, f, g, h are 2r, 4r, 0, 2r, −2r, 0, −4r, −2r respectively, and I Fp (λ, F ) = ∅ implies e = g = h = 0. Thus G 6 (F ) = 0 and so ∆(F ) = 0. Similarly, by considering all remaining possible cases given by taking r + s and 3r − s to be positive, negative, or zero, one obtains that ∆(F ) = 0, a contradiction. Thus I Fp (λ, F ) = ∅, and using Lemma 5.1 as outlined in Remark 5.2, we have that if ∆(F ) = 0, then F is stable.
Next we claim that if ∆(F ) = 0, then F is not stable.
First assume p = 2. In this case, ∆(F ) = 0 if and only if the polynomial disc X,Y F has a double root, i.e. there is a linear form l in Z and W such that l 2 | disc X,Y F . Since the first factor of SL 2 (F p ) × SL 2 (F p ) acts transitively on linear forms in Z and W , we can assume Z 2 | disc X,Y F , i.e. D = E = 0 (where D and E are the reductions mod p of the polynomials D and E in Section 5.1). If we write F as
Since the second factor of SL 2 (F p ) × SL 2 (F p ) acts transitively on linear forms in X and Y , we can assume X 2 | F 2 , i.e. f = h = 0. Considering the formula for D, we see that dg = 0. If d = 0, taking r = 1, s = 3 in λ above gives a one-parameter subgroup such that the weights for F form a subset of {6, 4, 2, 0}, giving I Fp (λ, F ) = ∅. If g = 0, taking r = s = 1 gives a one-parameter subgroup such that I Fp (λ, F ) = ∅. Thus F is not stable. Now assume p = 2. In this case, we use the fact that every stable orbit contains a vector of the form
to show that if ∆(F ) = 0, one can find a one-parameter subgroup λ such that I Fp (λ, F ) = ∅. In what follows we will describe the Langlands parameter associated to this representation.
Langlands Parameters
Let W k be the Weil group of k, and letĜ be the C-points of the connected reductive group over C whose root datum is dual to that of G. According to the conjectural local Langlands that satisfy many expected properties. However, parameters associated to epipelagic representations are not well understood when p is small, except in a few special cases (see [GR10, Section 6 .3] and [RY14, Section 7.5]). Here we will explicitly describe the Langlands parameter associated to the representation discussed in Remark 5.4. We will see that in this case the formal degree conjecture of [HII08] is enough to determine a unique parameter. This parameter is not epipelagic in the sense of [Kal15, Section 4.1], and unlike parameters when p ∤ |W |, the image of the wild inertia subgroup of W k is not contained in a torus ofĜ.
For the remainder of the section, we fix k = Q 2 , let G be G 2 over Q 2 , and let π x (λ) be the representation of G 2 (Q 2 ) discussed in Remark 5. Proposition 5.5. Up to G 2 (C)-conjugacy, there is a unique parameter φ : W Q 2 × SL 2 (C) → G 2 (C) such that the pair (π x (λ), φ) satisfies the formal degree conjecture of [HII08] . The filtration of lower ramification groups of D = Gal(L φ /Q 2 ) is given by
where under the isomorphism D ≃ φ(W) ⊂ G 2 (C), D 1 = D 2 = D 3 is the unique (up to conjugacy) subgroup of G 2 (C) isomorphic to (Z/2Z) 3 ; D 0 is the unique subgroup of order 56 normalizing D 1 ; and D is the unique subgroup of order 168 normalizing D 0 .
